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Abstract. Recently the new q-Euler numbers and polynomials related to 
Frobenius-Euler numbers and polynomials are constructed by Kim (see[3]). In 
this paper, we study the generalized g-Euler numbers and polynomials attached 
to x related to the new g-Euler numbers and polynomials which is constructed in 
[3]. Finally, we will derive some interesting congruence on the generalized g-Euler 
numbers and polynomials attached to X- 
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§1. Introduction 

Let Z, R and C denote the ring of integers, the field of real numbers and the complex 
number field, and let p be a fixed an odd prime number. Assume that q is an indeterminate 
in C with q e C with |g| < I. As the g-symbol [x] q , we denote [x] q = Recently, 
g-Euler polynomials are defined as 



e xt = S^E n Jx) — , for It + log < tt, (see 



qe 1 + 1 ^-^ ' nl 



In the special case x = 0, E n>q = E ntQ (0) are call the n-th g-Euler numbers (see [3]). These 
g-Euler numbers and polynomials are closely relayed to Frobenius-Euler numbers and 
polynomials and these numbers are studied by Simsek-Cangul-Ozden, Cenkci-Kurt and 
Can and several authors (see [1-2, 18-26]). In this paper, we study the generalized g-Euler 
numbers and polynomials attached to x related to the g-Euler numbers and polynomials, 
E n ,q(x), which is constructed in [3]. Finally, we will derive some interesting congruence 
on the generalized g-Euler numbers and polynomials attached to x- 



2. Congruence for g-Euler numbers and polynomials 
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A note on the generalized g-Euler numbers 



The ordinary Euler polynomials are denned as 



o 00 j.n 

^_ = e*<*>« = (see [1-5]), 



^ n=0 

where we use the technical method notation by replacing E n (x) by E n (x)(n > 0), symbol- 
ically (see [1-2]). Let us consider the generating function of q- Euler polynomials E njq (x) 
as follows: 

F g (x,t) = -|k T e- = f;^(x)^ (1) 

n=0 

and we also note that 



n\ qe t + l e l — — q 1 n! 

n=0 ^ v H ' n=0 



where H n (—q 1 ,x) are called the n-th Frobenius-Euler polynomials (see [3]). From (1), 
we note that 

hmF,(M) = ^e- = f>(^. (2) 



n=0 

By (1) and (2), we see that 



\imE nA (x) = E n (x). 



In (1), it is easy to show that 



E = *) = = E ( E (I) ^ 



00 n , 



By comparing the coefficients on the both sides, we have 

E n , q (x) = ^ ( n J Ei A x a ~ l , where are the Z-th g-Euler numbers. (3) 

Let x be the Dirichlet's character with conductor d = 1 (mod 2). Then we define gener- 
ating function of the generalized g-Euler numbers attached to \i En, x ,q as follows: 

F *x(*) " ^F^l " 2. E ^- V ( 4 ) 

n=0 

From (4), we note that 

hmF, iX (t) -^-^ 2^ S «.x^|> ( 5 ) 

n=0 
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where E na are the n-th ordinary Euler numbers attached to x- By (4) and (5), we see 
that 



\imE n ^ q - E na . 



From (5), we can also derive 



4-tl 

E^x,^ = F q , x (t) = [2] q J2x(k)(-q) k e kt 

n=0 ' k=0 



= E([^E^)(-^")^ (6) 

n=0 k=0 
oo d— 1 , n 

= T,{ dn T,(-'irx(a)E n<qd (- d ))- r 

n=0 a=0 

By comparing the coefficients on the both sides of (6), we have 

oo d— 1 

En, x , q = [2] q J2x(k)(-q) k k n = d n J2(-Q) a x(a)E niqd ty- (7) 

k=0 a=0 

Finally, we define the generating function of the generalized q- Euler polynomials attached 
to X; E ntXtq (x) as follows: 

oo n oo 

F q , x (x,t) = E^W-T = [2],ExW(-?)^. (8) 



n! 

n=0 A;=0 



By (8), we easily see that 



£*W*)^ = F q ,xM = [2} q J2x(k)(-q) k e^ 

n=0 ' k=0 



oo oo 



J2(^Y,x(k)(- q ) k (x + kr)- (9 ) 



n=0 fc=0 
oo d— 1 



E( rfn E(-^) a ^)^(^))S 

n=0 a=0 



Thus, we have 

d~l 



a— i / \ 

W*) = d n J2(-lTx(a)E n A^) = E U Y~ iE ^ = [2] q J2x(k)(-q) k (x + kr. 

a=0 £=0 ^ ' k=0 

(10) 

Let d G N with <i = 1 (mod 2). Then, we see that 



q d F q , x (d, t) + F qa (t) = [2] q J2 X{k){-q) k e {d+k)t + [2] q £ *(*)(-</)*** 



k=0 k=0 



(11) 

= [2] q J2x(k)(-q) k e kt . 

k=0 
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From (11), we have 

oo , n oo d—1 , n 

[q d E n , x , q {d) + E n , x , q ) - y = E { PI, E X(k)(- q ) k k n }-. 

n=0 ' n=0 k=0 

Therefore, we obtain the following theorem. 

Theorem 1. For q e C with \q\ <l,neZ + and d GN with d = 1 (mod 2), we nave 

d— 1 

A^d) + E na , q = [2] q J2x(k)(-q) k k n . 

k=0 

Let p be a positive odd integer and let N E~N. Then we have 
d P N -i 

[2], E x(o)(-ff)°a B = 9* W WdP 1V )+^ 

a=0 



i=o ^ 

= 9*" E ( n ) ( d p N ) jE n-i*, q + (/ pAr + m 

.7 = 1 



= 2E n ^ q (mod dp ), 
because g ndpiV = 1 (mod dp N ). Therefore, we obtain the following theorem. 

Theorem 2. Let p be a positive odd integer and q e C |g| < 1 and (q — 1, dp) = 1. 
For deN to£/j d = 1 (mod 2), we have 

d P N -i 

[2], E x(a)(-q) a a n = 2E n , Xtq (mod dp"). 

a=0 



Remark. Define 

-q) n x(n) 



L E , q (s, X \x) = [2] 9 E 



n=0 



(n + x) s 



where sgC, and i^O, —1, —2, • • • . For A; G Z +; we have LE, q (—k, x\x) = Ek^ q (x). 
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